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Abstract
In this paper we give a complete solution to problem of determining the number of 4-cycles
in a 2-factorization of K2nn 1-factor. c© 2000 Elsevier Science B.V. All rights reserved.
1. Introduction
A 2-factor of the complete undirected graph Kn is a collection of vertex disjoint
cycles which partition the vertex set of Kn. A 2-factorization of Kn is a partition of
the edge set of Kn into 2-factors. More formally, a 2-factorization of Kn is a pair (X; T ),
where T is a collection of edge disjoint 2-factors which partitions the edge set of Kn
with vertex set X . The number n is called the order of the 2-factorization (X; T ).
Of course, a 2-factorization of Kn exists if and only if n is odd and in this case the
number of 2-factors is (n− 1)=2.
In [2] Dejter et al. looked at the problem of constructing 2-factorizations of Kn
containing a specied number of 3-cycles. Modulo a few exceptions they gave a com-
plete solution for n  1 or 3 (mod 6), while the problem remains open for
n  5 (mod 6).
Quite recently, Dejter et al. [3] gave a complete solution of the problem of con-
structing 2-factorizations of Kn containing a specied number of 4-cycles. The
complete solution is the following. Denote by Q(n) the set of all x such that there
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exists a 2-factorization of Kn containing exactly x 4-cycles. Then:
(1) Q(5) = f0g,
(2) Q(7) = f0; 1; 3g,
(3) Q(9) = f0; 1; 2; 3g; and
(4) Q(n) = FC(n); all odd n>11,
where
FC(n) =
( f0; 1; 2; : : : ; (n− 1)(n− 5)=8g if n  1 (mod 4);
f0; 1; 2; : : : ; (n− 1)(n− 3)=8g if n  3 (mod 4):
We will use this result in the constructions that follow.
Of course K2n cannot be 2-factored, for the simple reason that each vertex has odd
degree. However, if we remove a 1-factor from the edge set of K2n things are dierent.
Hence, we make the following denition. A 2-factorization of K2n is a triple (X; T; F),
where F is a 1-factor of the edge set of K2n and T is a collection of edge disjoint
2-factors which partitions E(Kn)nF , with vertex set X . The object of this paper is the
complete solution of the problem of constructing 2-factorizations of K2n containing a
specied number of 4-cycles. To be specic, for each 2n>4, dene FC(2n) as follows:
FC(2n) =
( f0; 1; 2; : : : ; ( n2gnf( n2− 1g if 2n  0 (mod 4);
f0; 1; 2; : : : ; (n− 1)(n− 3)=2g if 2n  2 (mod 4):
If we denote by Q(2n) the number of 4-cycles possible in a 2-factorization of K2n then
we will prove
(1) Q(4) = f1g,
(2) Q(6) = f0g,
(3) Q(8) = f0; 2; 4; 6g,
(4) Q(2n) = FC(2n); all 2n>10.
It is immediate that Q(2n)FC(2n). Hence to prove that Q(2n) = FC(2n) for all
2n>10, we need to show that FC(2n)Q(2n). We will organize our results into four
sections; n  0 or 4 (mod 8); n  6 (mod 8); n  2 (mod 8), and a summary.
In what follows, we will denote the cycle consisting of the edges f1; 2g; f2; 3g; f3; 4g;
: : : ; fn− 1; ng; fn; 1g by any cyclic shift of (1; 2; 3; : : : ; n) or (1; n; n− 1; n− 2; : : : ; 3; 2).
2. 2n  0 or 4 (mod 8)
The following construction, which we will call the 1-Factorization Construction, is
the principal tool used in this section. Let (X;G) and (X;H) be any two 1-factorizations
of K2k , where G = fg1; g2; : : : ; g2k−1g and H = fh1; h2; : : : ; h2k−1g. We will say that G
and H have x edges in common if and only if x =
P2k−1
i=1 jhi \ gij. Let J (2k) be the
set of all x such that there exists a pair of 1-factorizations of order 2k having x edges
in common.
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Let I(2k)=f0; 1; 2; : : : ; ( 2k2 )gnf( 2k2 )−1; ( 2k2 )−2; ( 2k2 )−3; ( 2k2 )−5g. In [5] it is shown
that
J (4) = f0; 2; 6g,
J (6) = f0; 1; 2; 3; 5; 6; 7; 9; 15g,
J (2k) = I(2k); for all 2k>8.
The 1-Factorization Construction: Let K4k have vertex set X f1; 2g and let (X;G)
and (X;H) be a pair of 1-factorizations of K2k having exactly x edges in common,
where G = fg1; g2; : : : ; g2k−1g and H = fh1; h2; : : : ; h2k−1g. For each i = 1; 2; : : : ; 2k − 1
dene a 2-factor ti of K4k as follows.
(1) For each edge fa; bg2 gi place the 3 edges f(a; 1); (b; 1)g; f(a; 1); (b; 2)g, and
f(b; 1); (a; 2)g in ti, and
(2) For each edge fc; dg2 hi place the edge f(c; 2); (d; 2)g in ti.
Then ti is a 2-factor of K4k and (X  f1; 2g; T; F) is a 2-factorization of K4k , where
T = ft1; t2; t3; : : : ; t2k−1g and F = ff(a; 1); (a; 2)g j a2X g.
Corollary 2.1. J (2k)Q(4k).
Proof. Let x2 J (2k) and (X;G) and (X;H) be a pair of 1-factorizations of order 2k
having x edges in common. Then the number of 4-cycles belonging to each 2-factor ti
is precisely jgi \ hij and so the 1-Factorization Construction gives a 2-factorization of
K4k containing x =
P2k−1
i=1 jgi \ hij 4-cycles.
Corollary 2.2. If 2n>16; FC(2n)nf( n2− 2; ( n2− 3; ( n2− 5gQ(2n).
Proof. Remember that 2n  0 (mod 4). Now, FC(2n)nf( n2 − 2; ( n2 − 3; ( n2 − 5g =
I(n) = J (n)Q(2n) by Corollary 2.1.
In view of Corollary 2.1, we need to determine Q(4); Q(8); Q(12), and show that
f( n2 − 2; ( n2 − 3; ( n2 − 5gQ(2n) for 2n>16. The fact that Q(4) = f1g is trivial,
so we begin with 8.
Lemma 2.3. Q(8) = f0; 2; 4; 6g.
Proof. It is immediate that 1; 3, and 5 cannot belong to Q(8). So the only possibilities
are 0; 2; 4, and 6. Since J (4)=f0; 2; 6g; f0; 2; 6gQ(8). The following example shows
that 42Q(8): (1; 2; 4; 7)(3; 5; 8; 6); (1; 3; 2; 8)(4; 5; 7; 6); (1; 4; 3; 8; 7; 2; 5; 6), with 1-factor
F = ff1; 5g; f2; 6g; f3; 7g; f4; 8gg.
Lemma 2.4. Q(12) = FC(12).
Proof. Corollary 2.1 gives J (6) = f0; 1; 2; 3; 5; 6; 7; 9; 15gQ(12), leaving cases 4; 8;
10{12, and 13.
In each of the following the 1-factor is ff1; 7g; f2; 8g; f3; 9g; f4; 10g; f5; 11g; f6; 12gg.
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42Q(12): (1; 4; 7; 10) (2; 5; 8; 11) (3; 6; 9; 12); (1; 3; 4; 2)(5; 6; 8; 10; 12; 11; 9; 7);
(2; 3; 5; 4; 6; 7; 8; 9; 10; 11; 1; 12); (1; 5; 9)(2; 6; 10)(3; 7; 11)(4; 8; 12);
(1; 6; 11; 4; 9; 2; 7; 12; 5; 10; 3; 8).
82Q(12): (1; 2; 7; 8)(3; 4; 9; 10)(5; 6; 11; 12); (1; 6; 7; 12)(2; 3; 8; 9)(4; 5; 10; 11);
(1; 3; 7; 11)(2; 4; 6; 10; 8; 12; 9; 5); (1; 4; 8; 5)(3; 11; 2; 12; 10; 7; 9; 6);
(5; 3; 12; 4; 7)(1; 9; 11; 8; 6; 2; 10).
102Q(12): (1; 2; 3; 4)(5; 6; 11; 12)(7; 8; 9; 10); (1; 3; 5; 8)(2; 4; 6; 7)(9; 11; 10; 12);
(1; 9; 4; 11)(2; 5; 7; 12)(3; 6; 8; 10); (1; 5; 4; 12)(2; 10; 6; 9; 7; 3; 8; 11);
(2; 6; 1; 10; 5; 9)(3; 11; 7; 4; 8; 12).
112Q(12): (1; 3; 7; 9)(2; 4; 8; 10)(5; 6; 11; 12); (1; 5; 7; 11)(2; 3; 8; 9)(4; 6; 10; 12);
(1; 4; 7; 10)(2; 6; 8; 12)(3; 5; 9; 11); (1; 2; 5; 8)(3; 4; 11; 10; 9; 12; 7; 6);
(2; 7; 8; 11)(1; 6; 9; 4; 5; 10; 3; 12).
122Q(12): (1; 2; 3; 4)(5; 6; 11; 12)(7; 8; 9; 10); (1; 3; 5; 8)(2; 4; 6; 7)(9; 11; 10; 12);
(1; 9; 4; 11)(2; 5; 7; 12)(3; 6; 8; 10); (1; 5; 4; 12)(2; 9; 6; 10)(3; 8; 11; 7);
(2; 6; 110; 5; 9; 7; 4; 8; 12; 3; 11).
132Q(12): (1; 6; 3; 4; 9; 10; 7; 12)(2; 5; 8; 11); (1; 3; 5; 4)(2; 6; 11; 7)(8; 9; 12; 10);
(1; 2; 4; 8)(3; 7; 6; 10)(5; 9; 11; 12); (1; 5; 10; 11)(2; 3; 8; 12)(4; 6; 9; 7);
(1; 9; 2; 10)(3; 11; 4; 12)(5; 7; 8; 6).
Combining all of the above cases completes the proof.
Lemma 2.5. f( n2− 2; ( n2− 3; ( n2− 5gQ(2n); for all 2n>16.
Proof. We handle 16; 20 and 2n>24 separately.
2n= 16. We need to take care of the cases 26; 25 and 23.
262Q(16): In [1] Cruse proved that for any r6s=2, there exists a 1-factorization
of order 2s containing a sub-1-factorization of order 2r. (Actually Cruse proved a
lot more than this, but the above is sucient for our needs.) In the 1-Factorization
Construction let (X;G) and (X;H) be the same 1-factorization of K8, each containing
sub-1-factorizations (Y; G) and (Y; H) of order 4. The 2-factorization (Xf1; 2g; T; F)
of K16 contains exactly 28 4-cycles.
If we unplug the sub-2-factorization (Yf1; 2g; T ; F) of order 8 and replace it with
a 2-factorization containing 4 4-cycles, the resulting 2-factorization contains exactly 26
4-cycles.
232Q(16): Let A = f(1; 3; 2; 4)(5; 7; 6; 8)(9; 11; 10; 12)(13; 15; 14; 16); (1; 5; 9; 13)
(2; 10; 6; 14)(7; 3; 15; 11)(8; 4; 12; 16); (6; 1; 11; 16)(2; 5; 12; 15)(8; 3; 9; 14)(13; 4; 7; 10);
(1; 10; 8; 15)(7; 16; 2; 9)(3; 12; 6; 13)(14; 5; 11; 4);
(5; 13; 7; 15)(1; 2; 6; 11; 12; 8; 9; 10; 14; 3; 4; 16)g. Then,
A [ f(1; 7; 2; 8)(12; 14; 11; 13)(10; 3; 16; 5)(15; 9; 4; 6);
(1; 12; 7; 14)(8; 13; 2; 11)(10; 16; 9; 6; 3; 5; 4; 15)g contains exactly 23 4-cycles.
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252Q(16): A[f(1; 7; 2; 8)(12; 14; 11; 13)(10; 16; 9; 15)(3; 5; 4; 6);
(1; 12; 7; 14)(8; 13; 2; 11)(10; 3; 16; 5)(15; 6; 9; 4)g contains exactly 25 4-cycles.
2n = 20. We need the cases 40; 42 and 43. The case 43 is handled exactly as the
case 262Q(16). We give examples for the cases 40 and 42.
402Q(20): (20; 1; 10; 11)(5; 6; 15; 16)(13; 14; 17; 18; 19; 12; 9; 8; 7; 4; 3; 2);
(19; 1; 9; 11)(18; 2; 8; 12)(17; 3; 7; 13)(16; 4; 6; 14)(20; 5; 10; 15);
(20; 2; 10; 12)(19; 3; 9; 13)(18; 4; 8; 14)(17; 5; 7; 15)(1; 6; 11; 16);
(1; 3; 11; 13)(20; 4; 10; 14)(19; 5; 9; 15)(18; 6; 8; 16)(2; 7; 12; 17);
(2; 4; 12; 14)(1; 5; 11; 15)(20; 6; 10; 16)(19; 7; 9; 17)(3; 8; 13; 18);
(3; 5; 13; 15)(2; 6; 12; 16)(1; 7; 11; 17)(20; 8; 10; 18)(4; 9; 14; 19);
(1; 4; 11; 14)(2; 9; 10; 13; 12; 3; 20; 19)(5; 8; 15; 18)(6; 17; 16; 7);
(1; 2; 11; 12)(3; 6; 13; 16)(4; 5; 14; 15)(20; 7; 18; 9)(19; 8; 17; 10);
(2; 5; 12; 15)(1; 8; 11; 18)(20; 13; 4; 17)(3; 10; 7; 14)(6; 19; 16; 9).
422Q(20): (20; 1; 10; 11)(5; 6; 15; 16)(2; 3; 4; 7; 8; 9; 12; 13; 14; 17; 18; 19);
(19; 1; 9; 11)(18; 2; 8; 12)(17; 3; 7; 13)(16; 4; 6; 14)(20; 5; 10; 15);
(20; 2; 10; 12)(19; 3; 9; 13)(18; 4; 8; 14)(17; 5; 7; 15)(1; 6; 11; 16);
(1; 3; 11; 13)(20; 4; 10; 14)(19; 5; 9; 15)(18; 6; 8; 16)(2; 7; 12; 17);
(2; 4; 12; 14)(1; 5; 11; 15)(20; 6; 10; 16)(19; 7; 9; 17)(3; 8; 13; 18);
(3; 5; 13; 15)(2; 6; 12; 16)(1; 7; 11; 17)(20; 8; 10; 18)(4; 9; 14; 19);
(19; 20; 3; 12)(1; 4; 11; 14)(2; 9; 10; 13)(5; 8; 15; 18)(6; 17; 16; 7);
(1; 2; 11; 12)(3; 6; 13; 16)(4; 5; 14; 15)(20; 7; 18; 9)(19; 8; 17; 10);
(2; 5; 12; 15)(1; 8; 11; 18)(20; 13; 4; 17)(3; 10; 7; 14)(6; 19; 16; 9).
2n>24. Once again using Cruse’s result [1], since 66n=2, we can construct a
1-factorization of Kn containing a sub-1-factorization of order 6. Now use the
1-Factorization Construction. The resulting 2-factorization of order 2n contains a sub-2-
factorization of order 12. Unplugging this 2-factorization of order 12 and replacing it
with 2-factorizations containing 10; 12, and 13 4-cycles produces 2-factorizations of
K2n containing
( n
2
− 2; ( n2− 3, and ( n2− 5 4-cycles.
Combining all of the above results completes the proof.
Collecting Corollary 2.2 and Lemmas 2.3{2.5 together gives the following lemma.
Lemma 2.6. Q(4) = f1g; Q(8) = f0; 2; 4; 6g; and Q(2n) = F(2n); for all 2n  0 or
4 (mod 8)>12.
3. 2n  6 (mod 8)
We begin with the following construction, called the Bipartite Construction.
The Bipartite Construction. Let Kn;n have parts X f1g and X f2g; n odd. Let F
be any 1-factor of Kn;n and B any 2-factorization of Kn;nnF . Finally, let (X f1g; T1)
and (X  f2g; T2) be any two 2-factorizations of Kn (since n is odd there is NO
1-factor). Then, (X  f1; 2g; B [ T1 [ T2; F) is a 2-factorization of K2n.
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Corollary 3.1. The Bipartite Construction gives a 2-factorization of K2n containing
exactly x + y + z 4-cycles; where x is the number of 4-cycles belonging to T1; y the
number of 4-cycles belonging to T2; and z the number of 4-cycles belonging to B.
In view of the above corollary we need to determine the possible number of 4-cycles
belonging to a 2-factorization of Kn;n, where n is odd. To this end let Kn;n be the
complete bipartite graph with parts X  f1g and X  f2g. Further, let (X; ) be a
quasigroup (any quasigroup). For each x2X , set Fx = ff(a; 1); (b; 2)g j a  b = xg.
Then, Fx is a 1-factor of Kn;n, and if x 6= y2X; Fx [ Fy is a 2-factor of Kn;n. The
2-factor Fx[Fy contains the 4-cycle ((a; 1); (b; 2); (c; 1); (d; 2)) if and only if the edges
f(a; 1); (b; 2)g and f(c; 1); (d; 2)g belong to one of Fx; Fy and the edges f(a; 1); (d; 2)g
and f(c; 1); (b; 2)g belong to the other; in other words, if the table for (Q; ) contains
a subarray that looks like one of the following tables:
If x2X and n is odd, any pairing of the elements in X nfxg gives a 2-factorization
of Kn;nnFx. We can now use these observations to say something about constructing
2-factorizations of Kn;n containing a specied number of 4-cycles.
Lemma 3.2. If there exists a pair of idempotent latin squares of order n having
x entries in common o the main diagonal; then there exists a 2-factorization of
K2n+1;2n+1 having exactly x 4-cycles.
Proof. Let A and B be a pair of idempotent latin squares of order n having x entries
in common o the main diagonal. Let (Q; 1) be the quasigroup of order 2n given by
where (A; i) and (B; i) are the latin squares A and B with each entry c2f1; 2; : : : ; ng
replaced with the ordered pair (c; i). Now for each a2f1; 2; 3; : : : ; ng replace the sub-
quasigroup (f(a; 1); (a; 2)g; 1) of order 2 by the quasigroup (f1; (a; 1); (a; 2)g; 2)
P. Adams et al. / Discrete Mathematics 220 (2000) 1{11 7
of order 3, where 1 and 2 are dened by
The resulting quasigroup (f1g[Q; 2) has order 2n+1. Use this quasigroup to 2-factor
K2n+1;2n+1 where the 2-factors are F(a;1)[F(a;2) and the 1-factor is F1. If a belongs to
cell (i; j) of A and b belongs to cell (i; j) of B, then (f1g[Q; 2) contains a subarray
that looks like
The 2-factor F(a;1) [ F(a;2) will contain the 4-cycle (((i; 1); 1); ((j; 1); 2); ((i; 2); 1);
((j; 2); 2)) if and only if b= a; i.e., if and only if A and B have the same entry in cell
(i; j). It follows that the above 2-factorization of K2n+1;2n+1 contains exactly x 4 -cycles
(where x is the number of cells o the main diagonal that A and B agree in). Finally
each of the 2-factors constructed above contains at least one cycle of length 6.
Lemma 3.3. Q(14) = FC(14).
Proof. We will use the Bipartite Construction, the fact that Q(7) = f0; 1; 3g, and the
following three 2-factorizations of K7;7 with parts f1; 2; 3; 4; 5; 6; 7g and f8; 9; 10; 11;
12; 13; 14g:
(i) 02Q(K7;7): (1; 9; 3; 11; 5; 13; 7; 8; 2; 10; 4; 12; 6; 14);
(1; 10; 5; 14; 2; 11; 6; 8; 3; 12; 7; 9; 4; 13); (1; 11; 7; 10; 6; 9; 5; 8; 4; 14; 3; 13; 2; 12) with
leave ff1; 8g; f2; 9g; f3; 10g; f4; 11g; f5; 12g; f6; 13g; f7; 14gg;
(ii) 52Q(K7;7): (1; 13; 3; 14) (6; 8; 7; 9) (2; 11; 5; 10; 4; 12);
(4; 13; 5; 14) (6; 11; 7; 12) (1; 9; 3; 8; 2; 10); (1; 8; 5; 12) (2; 9; 4; 11; 3; 10; 6; 13; 7; 14)
with leave ff1; 11g; f2; 13g; f3; 12g; f4; 8g; f5; 9g; f6; 14g; f7; 10gg;
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(iii) 62Q(K7;7): (4; 13; 5; 14) (6; 11; 7; 12) (1; 9; 3; 8; 2; 10);
(2; 11; 3; 12) (4; 9; 5; 10) (1; 13; 7; 8; 6; 14); (2; 13; 3; 14) (6; 9; 7; 10) (1; 11; 5; 8; 4; 12)
with leave ff51; 8g; f2; 9g; f3; 10g; f4; 11g; f5; 12g; f6; 13g; f7; 14gg:
Corollary 3.1 completes the proof.
Lemma 3.4. Q(2n) = F(2n) for all 2n  6 (mod 8)>22.
Proof. To begin with n  3 (mod 4) >11. Now let q2FC(2n). Then q = x + y + z,
where x; y2Q(n) (see Section 1) and z 2f0; (n−1)(n−3)=4g. Since there exists a pair
of idempotent latin squares of order (n−1)=2>5 having 0 or (n−1)(n−3)=4 entries in
common, Lemma 3.2 gives a 2-factorization of Kn;n with 0 or (n−1)(n−3)=4 4-cycles.
Corollary 3.1 now shows that q2Q(2n).
Collecting all of the above results together gives the following lemma.
Lemma 3.5. Q(6) = f0g and Q(2n) = FC(2n); for all 2n  6 (mod 8) >14.
4. 2n  2 (mod 8)
We will begin with the cases 10 and 18 followed by a general construction for all
2n  2 (mod 8); 2n>26.
Lemma 4.1. Q(10) = FC(10).
Proof. In each case the 1-factor is ff1; 6g; f2; 7g; f3; 8g; f4; 9g; f5; 10gg.
02Q(10): (1; 2; 3; 4; 5; 6; 7; 8; 9; 10); (1; 3; 5; 7; 9) (2; 4; 6; 8; 10);
(1; 4; 7; 10; 3; 6; 9; 2; 5; 8); (1; 5; 9; 3; 7) (2; 6; 10; 4; 8):
12Q(10): (1; 3; 6; 10) (2; 8; 7; 4; 5; 9); (10; 3; 5; 2; 4; 1; 8; 6; 9; 7);
(10; 4; 3; 2; 1; 7; 6; 5; 8; 9); (1; 5; 7; 9; 3) (10; 2; 6; 4; 8):
22Q(10): (1; 4; 6; 9) (2; 8; 10) (3; 5; 7); (1; 3; 9; 7) (2; 5; 8; 4; 10; 6);
(1; 2; 3; 4; 5; 6; 7; 8; 9; 10); (10; 3; 6; 8; 1; 5; 9; 2; 4; 7):
32 (10): (1; 2; 4; 7) (3; 5; 6; 8; 9; 10); (1; 3; 6; 10) (2; 5; 4; 8; 7; 9);
(2; 3; 4; 10) (1; 8; 5; 7; 6; 9); (1; 4; 6; 2; 8; 10; 7; 3; 9; 5):
42Q(10): (1; 4; 6; 9) (2; 3; 5; 7; 8; 10); (1; 3; 6; 8) (2; 5; 4; 7; 10; 9);
(1; 2; 4; 10) (3; 7; 6; 5; 8; 9); (1; 5; 9; 7) (3; 4; 8; 2; 6; 10):
Lemma 4.2. Q(18) = FC(18).
Proof. To begin with, since there exists a pair of idempotent latin squares of order 4
having 0 or 12 entries in common o the main diagonal, there exist 2-factorizations
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of K9;9 having 0 or 12 4-cycles (Lemma 3.2). The following is a 2-factorization
of K9;9 (with parts f1; 2; 3; 4; 5; 6; 7; 8; 9g and f10; 11; 12; 13; 14; 15; 16; 17; 18g having
6 4-cycles: (1; 15; 2; 14) (10; 6; 11; 5) (3; 13; 7; 17; 9; 12; 4; 16; 8; 18);
(3; 15; 4; 17) (12; 6; 13; 8) (1; 11; 7; 14; 9; 10; 2; 16; 5; 18);
(2; 12; 5; 17) (11; 3; 14; 8) (1; 13; 9; 15; 7; 10; 4; 18; 6; 16);
(1; 12; 7; 18; 2; 13; 5; 15; 8; 10; 3; 16; 9; 11; 4; 14; 6; 17):
Since f0; 6; 12g2Q(K9;9) and Q(9) = f0; 1; 2; 3g, Corollary 3.1 gives FC(18)n
f19; 20; 21; 22; 23; 24gQ(18). The remaining cases are handled by example.
192Q(18): (18; 1; 17; 2) (12; 14; 11; 13) (15; 16; 5; 8) (3; 4; 6; 7; 9; 10);
(18; 5; 9; 14)(15; 2; 6; 11) (12; 17; 3; 8) (4; 10; 16) (7; 13; 1);
(18; 2; 10; 11) (16; 17; 15; 8) (1; 7; 13) (3; 5; 4; 14; 12; 9; 6);
(7; 14; 16; 5) (10; 17; 1; 8) (13; 2; 4; 11) (15; 9; 3) (12; 6; 18);
(2; 3; 11; 12) (5; 6; 14; 15) (8; 9; 17; 18) (4; 7; 10; 13; 16; 1);
(1; 2; 9; 11) (3; 14; 13; 5; 12; 15; 18)(4; 10; 16) (6; 17; 7; 8);
(18; 16; 9; 2; 4; 11) (7; 14; 3; 5) (1; 8; 10; 12) (15; 17; 6; 13);
(1; 9; 11; 8; 6; 16; 14; 17; 10; 18; 7; 15; 4; 12; 5; 2; 13; 3):
202Q(18): (18; 1; 9; 10) (3; 4; 12; 13) (6; 7; 15; 16) (2; 5; 8; 11; 14; 17);
(18; 7; 9; 16) (3; 10; 12; 1) (6; 13; 15; 4) (2; 14; 8) (17; 11; 5);
(1; 2; 10; 11) (18; 3; 5; 4; 16; 17; 6; 9; 12; 14; 13; 7; 8; 15);
(7; 14; 16; 5) (10; 17; 1; 8) (13; 2; 4; 11) (15; 9; 3) (12; 6; 18);
(2; 3; 11; 12) (5; 6; 14; 15) (8; 9; 17; 18) (4; 7; 10; 13; 16; 1);
(2; 9; 11; 18) (1; 7; 17; 15; 12; 5; 13) (3; 6; 8; 16; 10; 4; 14);
(18; 14; 9; 4; 8; 13) (5; 10; 15; 1) (11; 16; 2; 6) (3; 7; 12; 17);
(18; 5; 9; 13; 17; 4) (6; 10; 14; 1) (11; 15; 2; 7) (8; 12; 16; 3):
212Q(18): (18; 1; 17; 2) (12; 14; 11; 13) (15; 16; 5; 8) (3; 4; 6; 7; 9; 10);
(18; 5; 9; 14) (15; 2; 6; 11) (12; 17; 3; 8) (4; 10; 16) (7; 13; 1);
(1; 2; 10; 11) (4; 5; 13; 14) (7; 8; 16; 17) (3; 6; 9; 12; 15; 18);
(5; 10; 14; 1) (2; 7; 11; 16) (17; 4; 8; 13) (3; 9; 15) (6; 12; 18);
(2; 3; 11; 12) (5; 6; 14; 15) (8; 9; 17; 18) (4; 7; 10; 13; 16; 1);
(10; 15; 1; 6) (7; 12; 16; 3) (4; 9; 13; 18)(2; 14; 8) (17; 11; 5);
(18; 16; 9; 2; 4; 11) (7; 14; 3; 5) (1; 8; 10; 12) (15; 17; 6; 13);
(1; 9; 11; 8; 6; 16; 14; 17; 10; 18; 7; 15; 4; 12; 5; 2; 13; 3):
222Q(18): (18; 1; 9; 10) (3; 4; 12; 13) (6; 7; 14; 16) (2; 5; 8; 11; 14; 17);
(18; 7; 9; 16) (3; 10; 12; 1) (6; 13; 15; 4) (2; 14; 8) (17; 11; 5);
(18; 2; 10; 11) (16; 17; 15; 8) (1; 7; 13) (3; 5; 4; 14; 12; 9; 6);
(7; 14; 16; 5) (10; 17; 1; 8) (13; 2; 4; 11) (15; 9; 3) (12; 6; 18);
(2; 3; 11; 12)(5; 6; 14; 15) (8; 9; 17; 18) (4; 7; 10; 13; 16; 1);
(1; 2; 9; 11) (3; 14; 13; 5; 12; 15; 18) (4; 10; 16) (6; 17; 7; 8);
(18; 14; 9; 4; 8; 13) (5; 10; 14; 1) (11; 16; 2; 6) (3; 7; 12; 17);
(18; 5; 9; 13; 17; 4) (6; 10; 14; 1) (11; 15; 2; 7) (8; 12; 16; 3):
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232Q(18): (1; 2; 5; 8; 9) (18; 10; 11; 14; 17) (3; 4; 12; 13) (6; 7; 15; 16);
(18; 1; 5; 9; 10; 14) (2; 8; 11; 17) (3; 7; 12; 16) (4; 6; 13; 15);
(18; 6; 9; 15) (1; 3; 5; 10; 12; 14) (2; 4; 11; 13) (7; 8; 16; 17);
(18; 5; 7; 9; 14; 16) (1; 4; 10; 13) (2; 3; 11; 12) (6; 8; 15; 17);
(18; 3; 9; 12) (1; 8; 10; 17) (4; 7; 13; 16) (2; 14; 15) (5; 6; 11);
(18; 2; 9; 11) (1; 7; 10; 16) (3; 6; 12; 15) (4; 5; 17) (8; 13; 14);
(18; 8; 4; 9; 17; 13) (1; 12; 5; 15) (2; 7; 11; 16) (3; 10; 6; 14);
(1; 11; 15; 10; 2; 6) (3; 8; 12; 17) (4; 14; 7; 18) (5; 13; 9; 16):
242Q(18): (18; 1; 9; 10) (3; 4; 12; 13) (6; 7; 15; 16) (2; 5; 8; 11; 14; 17);
(18; 5; 9; 14) (15; 2; 6; 11) (12; 17; 3; 8) (4; 10; 16) (7; 13; 1);
(1; 2; 10; 11) (4; 5; 13; 14) (7; 8; 16; 17) (3; 6; 9; 12; 15; 18);
(5; 10; 14; 1) (2; 7; 11; 16) (17; 4; 8; 13) (3; 9; 15) (6; 12; 18);
(2; 3; 11; 12) (5; 6; 14; 15) (8; 9; 17; 18) (4; 7; 10; 13; 16; 1);
(10; 15; 1; 6) (7; 12; 16; 3) (4; 9; 13; 18) (2; 14; 8) (17; 11; 5);
(18; 16; 9; 2; 4; 11) (7; 14; 3; 5) (1; 8; 10; 12) (15; 17; 6; 13);
(18; 7; 9; 11; 13; 2) (12; 14; 16; 5) (1; 3; 10; 17) (4; 6; 8; 15):
Lemma 4.3. Q(2n) = F(2n) for all 2n  2 (mod 8).
Proof. In view of Lemmas 4.1 and 4.2 we need to consider the cases 2n>26 only.
Let (Q; ) be a commutative quasigroup of order 2k>6 with holes H =
fh1; h2; h3; : : : ; hkg of size 2 (see [4]). Set S = f11;12g [ (Q  f1; 2; 3; 4g) and for
each hole hi 2H let (f11;12g [ (hi  f1; 2; 3; 4g); T (hi); F(hi)) be a 2-factorization
of K10 with the proviso that the edge f11;12g2F(hi). (Note that T (hi) contains
exactly 4 2-factors.) For each a2 hi dene (a) = ffx; yg j x  y = y  x = a; x 6= y
and fx; yg \ h= ;g. Now K4;4 (with parts fxg  f1; 2; 3; 4g and fyg  f1; 2; 3; 4g) can
be 2-factored into 2 2-factors containing a total of 0 or 4 4-cycles. It follows that the
bipartite graphs K4;4 with parts fxgf1; 2; 3; 4g and fygf1; 2; 3; 4g, all fx; yg2 (a),
can be pieced together to form 2 2-factors of E(K8k+2nK10), where K10 has vertex set
f11;12g [ (hi  f1; 2; 3; 4g). We can now piece together the 4 2-factors of T (hi)
with the 4 2-factors of E(K8k+2nK10) dened by (a) and (b); fa; bg = hi, to form
4 2 -factors of K8k+2. Running over all holes belonging to H partitions K8k+2 into
4k 2-factors. If q2FC(2n), we can write q =Pki=1 zi +Pn(2n−1)i=1 ti, where zi 2Q(10)
and ti 2f0; 4g, completing the proof.
5. Summary
We summarize the results in this paper with the following theorem.
Theorem 5.1. Q(4) = f1g; Q(6) = f0g; Q(8) = f0; 2; 4; 6g; and Q(10) = FC(10); for
all 2n>10.
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It goes without saying that the similar problem for cycles of length 2n>6 remains
open.
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